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Modified pseudo-inverse neural networks storing
correlated patterns

R Dert, V S Dotsenkot and B Tirozzi

Dipartimento di Matematica, Universita’ di Roma ‘La Sapienza’, Piazzale Aldo Moro 2,
00185 Roma, Italy

‘Received 22 July 1991

Abstract. Neural networks with symmetric couplings which have an intermediate form
between the Hebb learning rule and the pseudo-inverse one, storing strongly correlated
patterns, are studied. Signai-to-noise analysis is made and replica-symmetric thermody-
namic calculations are performed. Both approaches show that both in the Hopfield model
limit and in the pseudo-inverse model limit the maximal capacity of the order of
{2p/In{1/p)"" (where p« 1 is the average neural activity) can be achieved by appropriate
adjustment of the threshold term of the Hamiltonian.

1. Introduction

In this paper we consider the problem of the maximal capacity of fully connected
neural networks consisting of N (N —» c¢) binary units with symmetric couplings.

We consider the model in which the couplings depend on a continuous parameter
A such that it could be considered as an intermediate between two well studied systems:
the Hopfield model (see e.g. Amit er al 1987) and the so-called pseudo-inverse model
(Personaz et al 1985, Kanter and Sompolinsky 1987), ‘

In the Hopfield model storing M = aN uncorrelated patterns the couplings are
defined as follows:

an_1 &
(H) — i
=g L & (M
where (£/') are the stored patterns. In the pseudo-inverse model the couplings are
1 M
Ji¥=— ¥ &(CT).E (2)
N H,r=1
where
o L u
CM=§§§?‘§.-- (3)
In the model under consideration the couplings are defined according to the rule:
1 M % Ay =1 pv
Jy=— L E I+ AC) L8, (4)
N .o .
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For A =0 we recover the Hopfield model (1) and in the limit A - o¢ the structure
of the J; tends to the pseudo-inverse one (2). For the case of uncorrelated patterns
such a system has already been studied by Dotsenko er al (1991). It was shown that
the maximal capacity of the model a. depends continuously on the parameter A, giving
the value a.=0.14 of the Hopfield model (Amit et al 1987) for A =0, and getting close
to a.=1 of the pseudo-inverse model (Kanter and Sompolinsky 1987) for A > .

Here we address the question: what should be the structure of such a model and
what is its maximal capacity in the case of strong correlations among the stored
patterns? The Hopfield model storing strongly correlated patterns has been considered
by Tsodyks and Feigelmann (1988) and Buhmann et al (1989). They showed that the
maximal capacity:

a™~(2p In(1/p))”! (5)

predicted by Gardner (1988) is achieved if one considers the system consisting of
binary units v, taking values 0 and 1 and described by the Hamiltonian:

1
H‘—'—EZ-I:;;'U:'U;'*'“ZU:' (6)
if i
where

| & “_
Jij=ﬁu§l (n¥—p)ni—p). (N

Here the {n¥) are the patterns described by the probability distribution:
P(n)=pd(n—-1)+(1-p)é(n) .

and the parameter p <« 1 describes the average activity of the neurons: {n)=p.
It was shown that the result (5) is obtained if one adjusts the value of the threshold
u in the Hamiltonian (6) such that u = uyp, where u,=1-8, and p« §« 1.
Straightforward generalization of the model (6), (7) will be done by taking the
couplings in the form:

J," =

1 M -~ -~
=N Z ga+a0) g - ®

where &/=n{—-p and
1 v
Cp»=§2i§?‘§.~- (9)
The random variables £ are described by the distribution:

P(§)=p5(§—(1 —pN)+(1-p)8(é+p) (10)

such that {£)=0 and {£%)=p(1—p). In the limit A=0 we recover the Tsodyks-
Feigelmann model (6), (7), and in the limit A > c0 we obtain the pseudo-inverse variant
of the model storing strongly correlated patterns.

In section 2 we make a signal-to-noise analysis for the model (6) with the couplings
given by (8). It will be shown that by apptopriate adjustment of the threshold u the
maximal capacity of the model reaches Gardner's value (5) for any A including the
pseudo-inverse limit A -» co. Tt will also be shown that the ‘pure’ pseudo-inverse model,
when A =00 exactly, is a special point and in such a case a{™* =1.



Modified pseudo-inverse neural networks 2845

In section 3 the results of section 2 will be confirmed by a direct replica-symmetric

calculation of the free energy and the solutions of the corresponding saddle-point
equations. In section 4 we discuss the obtained results.

2. Signal-to-noise analysis

The dynamics of the system is described by the equations:

v(t+1)=2 (Z Jau () — u) (11)
The local field produced at site i by the spin configuration (v;) is:
=% Ju(t)—u (12)

iy
In order to study the stability of the stored patterns one has to consider the local fields
produced by these patterns. Consider the local field produced by e.g. the pattern
number 1:
hi=1T Jymj—u (13)
I
These fields can be represented in the form:
h::sf}—U'f'R,'. (14)

Here s is the signal term, and random noise term R; contains the contribution from
all the other patterns.

Using the definition for the J;;, equation (8), one can compute (see the appendix)
the value of the signal and of the noise explicitly:

s=%x(1—ax) (15)

{R* = p(l p)( ax)z(l-x)zl—f")i? (16)
where

X=-2—Tr A(i+2A4)™ (7)

and /i,,- is the Hopfield model interaction matrix:
A= 5 e (18)
{ N et iSF

The calculations (see the appendix) give:

_1+at Yp(-p) -V +a+ 1/ (Ap(1~p))) ~4e
- 2a

(19)

The signal-to-noise ratio is then:

S o) (20)

;=\/apil—p) ox
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where

Vi—ay?
(1-x)

For p« 1 the maximum value of a will be shown to be large (~1/p). Using the

explicit expression for y, equation (19), one can then easily show that the value of the
factor ¢(x) for all values of A is restricted by

I1sge(y)=1+1/c. (22)

Therefore in the first order approximation in p one may take @(y)=1 and

e(x)= (21)

(23)

o]~
8]

3
o

The local field h; produced by the pattern 1, equation (14), can be described by
the Gaussian distribution:

h _ 1_ 2
P(h|§')=\/21?exp(—%) (24)

The pattern ¢; can be said to be stored perfectly if, according to the dynamics (11),
the equation

ni = 0(h;) (25)

is fulfilled at all sites. Taking into account the distribution of the local fields {24) and
all the distribution of the £, equation (10), one can easily derive the total number of
mistakes, the number of sites at which equation (23) is not fulfilled:

= o]

e=Np JO th(h|§=1—p)+N(1—P)J‘ dhP(h|¢=-p) (26)

— 0

or

£=Np erfc(—(l—p)s—u)
a

+N(l-—p)erfc(

erfc(x) = \/% J.w dx exp (x?) . {(28)

In order to minimize the amount of errors one can adjust the value of the threshold
# which is the free parameter of the model. The appropriate value of u can be obtained
from the equation

ps+ u) @7
a

where

9t _
du
which corresponds to the minimization of e with respect to u:
((l—p)s—u)z) ( (ps+ u)z)
- —{1—- - =0. 29
p CXP( 207 (1-p)exp Py 0 (29)

The solution of this equation gives the optimal value of the threshold:

w=ar+ () ()
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Using this result, the total number of mistakes, equation (27}, can be represented as:

et C) () o e DG () o (5] o0

The pattern is getting unstable if ¢/ N reaches the value p. Assuming that p« 1, the
condition g/ N = p gives the limiting value for the signal-to-noise ratio:
A2

(3) In=== (32)
s p 2

or, using (23},

1

Xmax =m (33)

Therefore in the main order in p the maximal capacity of our moedel (6)-(8) does
not depend on A and coincides with that of the Hopfield model storing strongly
correfated patterns (Tsodyks and Feigelmann 1988). The optimal value of threshold
(30) depends on A. From (15} and (19) (for &« » 1 and p « 1) one gets:

p(1+ap)
1+ rap)®

o
3

Therefore the optimal value of the threshold at which the capacity may reach its
maximal value (33) is:

u _p(1-p)(+Ap) (34)

A 2'
(”unu/p))

If A is not very large Ap< 1:
1_
—pi-p (35)

—
—
+
-
— |
\‘J
%)

s ]
=

»

In the limit A > o when the structure of the couplings (8) becomes close to the
pseudo-inverse model the threshold is:

_ p(1-p)4(in(1/p))’
u=~ e .

(36)

Let us remark that, with such an optimal choice of the threshold, equation (34),
the a maximal (33) remains the same even in the limit A - oo,

Note, however, that if one takes A =0 exactly, then after the scaling J; - J;/ A, for
the signal (15} and for the noise (16} one gets:

(1-a) ife=1
s = ey b ol —
(v nma=l.
and o=0. Since at « =1 there is no signal, such a ‘pure’ pseudo-inverse model can

retrieve patterns only at @ <1. However for any A # co there is non-zero signal and
there is non-zero noise and their ratio (23) remains finite for any o even if A —» o,
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3. The mean field solution

The model under consideration is described by the Hamiltonian:

1 N M u "
H=-—7% T oft(1+AC) L& y+uly (37)
2N =i wr i

where the variables (v;) take two values v =20, 1, and the matrix & is defined by:
~ 1N
Cuv =ﬁ§ e (38)

and the random variables (£/) are described by the probability distribution:
P(&)=pd(§-(1-p)+(1—-p)8(£+p). (39

The free energy is calculated using a standard replica trick:

1. (Z0-1_ 1

F=——1li —~InZ (40)
Bro  n 8
where the replicated partition function is:
n_ B o &2 Py AN=1gr o I
4 —ECXP 2 z Z Uigi(l+f\c)pv§j v}' _Buzvi M (41)
U? 2N i#f pr p=1 ip

Introducing the field aj and ®{ one gets:

7= [ pa [ oy exp( 2Lr0n-£ 5 (@)

! fal / \

JUEY
P . a
xexp| +—= Y af&(wf+iAd?)—Blut+—x )Y v} (42)
k mi.#uﬂ * ( 2A )ip )
where:
[ 1 A A -
—x=—Tr A(1+1A}"" 43
3 X NTr (1+2A) (43)

and A is the Hopfield model interaction matrix {18). (In (42) the term containing
det(i +)\(f‘), which contributes an irrelevant constant into the free-energy, is omitted.)
Following standard calculations (see e.g. Amit et al 1987 and Dotsenko et al 1991)
one makes the average over all the patterns £ but one. We define the pattern which
is expected to condense to £/°'= £, and correspondingly redefine af_, = a”.

Then introducing:

1 N
Qo =EZ (vf HADPT)(v] +iAd]) (44)
one obtains for the free-energy density:
~BNnf (a, Q, R)
1 1 - A af’N
=1BNT (0~ aN Tein(i-gp1-p ) -E2 5 R0,
2 o 2 2 Y

+ N<<]n Zﬂ J. do* exp( —%EZ (@ Y+28Y a"f(v"iz\cb"))
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2
xexp( -8 (u +5X) 5 v"+% ¥ Rm,(v"+i/\d)“)(u”+i/\¢”))>>

¢
(45)

where the R, is the matrix conjugate to (44) and {.. .)¢ means the average over the
pattern &
Assuming the replica symmetry:

Q pPFEY
= 46
Qor {Qo P=Y (46a)
R pEY
R,= 46b
o { R, ps (46b)
and introducing;
A=1+AraB(R;,—R) 47
C=8(Q-Q) (48)
one finally gets:
(Ao _ p(l P)(Qo C/B)
AaR InA
1 aRC+—QO ETRET) 28
—é<<ln[l+exp(ﬁ(a§+x/—_z) —~Bu +ﬁ(AAA1) g:,v)]»{ (49)

where (...) means Gaussian averaging over z.
In the zero-temperature limit (8 - o0), the corresponding saddle-point equations are:

3 1 uA—af—(A—1)/2x+(a/20)xA )
CA+p(1~ph <<§erfc( 2aR )> ‘ (50)

_ pz(l _P)200
“Ulp-pC) S

Aap(l-p)
1-p(1-p)C (52)

_ /_3_ _(uA—af—~(A-1)/2x+(a/2))xA) >> N
ca= *rraR<<exp( 2aR ) £ A (53)
Q= (ete(PATHZ O @) ) e

—Ap*(1-p)’(28+p(1-p)A)a’

e f_Z_R<<exp(_(uA—a§—(A—l)/2zl+(a/2/\),\g'A))». (54)
o 2aR €

In what follows we consider the limit of strong correlations among patterns: p« 1.
Consider first the case when A is not too large {which includes the Hopfield model

limit).

A=1+
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(a) Ap« 1. It can be shown a posteriori that in (51) and (52) the term Cp« 1, and
therefore it can be omitted. It can also be shown that in the rRHs of (54) all but the

first term can also be omitted. Therefore (50}-(54) can be reduced to:

_1 uA-aé—(A=-1Y/2x+(a/2x)xA
“‘A«f“ﬂ’( 2aR )>> .

A=1+Aap

2 o2 uA—af—-{A-1)/2xA+(a/2))xA
RA=12p <<erfc( TR )>>§

The factor y (see (19}) in the limit Ap< 1 is

L
1+Apa’

X

Together with (56) for A one gets:

and therefore (55)-(57) (in the leading order in p) can be reduced to:
_P ub-a\ A)]
a= A [erfc( '_2aR) erf( TR

2
_pr uA—a ( ul )]
R Az[”"“(m)e’f 2R/’

Redefining
2 1
a=pay R=pr U= pug a=;ao
and introducing
x= ol z=Xx— %o
viaR 2aR

one gets:
1 upA?—erf(z) +erf(x)
z:
V2a, verf(z)+erf(x)/p
UyA? 1

z:JZao Jerf(z) ter(x)/p

If we choose the free parameter u, such that

quzzl""a

where

1
8 ———
pees In(1/p)

(55)
(56}

(57)

(57)

(59)

(60)

(61)

(62)

(63)

(64)

(65)

(66)
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then the solutions of (63), (64) exist until

ap€ —1——« 1 (67)
*T2m(l/p)y
These solutions are:
y = 1 »1 (68)
=l (68)
b
= 6
z \/535«1 (69)
or, in terms of the original variables:
a=T—t— (70)
1+ 1Aap
3
’ (71)

R= (1+1Aap)*

Note that according to the definition {see (42)) the variable a is connected with
the overlaps:

1
as follows:
a=Y(1+1A)iim,. (73)
fr
Therefore the overlap in the retrieval state m=m, ., is equal to:
_(1+1Ap)p
"= (1+Aap) (74)

According to (65), (66) such retrieval states exist if we choose the threshold in the
original Hamiltonian (37) as follows:

u= (lTpap)z (1-3) (75)
where p« 8« 1/vIn{1/p). Then the maximal value of « is
1
me " 2p In(1/p)

Inserting the solution (70), (71) in (53) and {54) one can easily check that pC« 1
and that all the terms but the first in the rus of (54) are of higher order in p. Now

(76)

(b) Ap»1. Again it can be checked a posteriori that the first term in the rRus of
(53) is much smaller than A, and all but the first term in (54) can be omitted.
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Then (50)-(54) are reduced to:

: uA—at—(A—1)/2x+(a/2A)xA
a_A+_pA <<§ erfc( >R )>>f (77)
_ 2°Qo
1+ (p/B) 78)
—qp—rap
A_l+1+(Ap/A) (79)
QOA2=2<<erfc(uA—af—(A—lz)/;,\+(a/2)\)xA)>> _ (80)
a £

Assuming that a » 1 one obtains from (79):
A= Aap (81)
The (19) for x gives

1
X=—. (82)
[44

Therefore the term

A-1 a

~—t+—yA
m X
in (77) and (80) can be omitted, and (77)-(80) are reduced to
1 uA—a u
a—)ta [erf( 2aR)—erf( ZaR)] (83)
1 uA—-a ul

= + .

R al [p erf( —"ZaR) erf( 2aR)] (84)

Introducing x =uA/v2aR and z =x—a/+v2aR, one again obtains (63), (64) in which
(1+1Aap)?
Uy————-
4
Therefore the threshold should be chosen in the form:

ur’a’p. (85)

1
uzm(l—ﬁ) (86)

where p« § < 1/vIn(1/p), and then until
S S
2p In(1/p)

one again obtains the retrieval solutions (68), (69). In terms of the original variables:

(87)

a < amax=

R=—— (88)

o=ty (89)
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For the overlap in the retrieval state one gets:
=p’Iln—. (90)

Note that the results of the above thermodynamic solution for the maximal capacity
and for the value of the threshold, equations (75) and (86), perfectly fit the predictions
of the signal-to-noise analysis, equations (35) and (36).

4. Conclusions

We have considered the fully connected neural network defined by the symmetric
coupling matrix:

F=JA(G+r1A)"
where A is the Hopfield model coupling matrix.

The results of the present and the previous studies (Dotsenko et al 1991) show
that such a model is very rich in its behaviour and theoretically very robust.

For the model storing uncorrelated patterns the maximal capacity can be moved
from a.=0.14 (at A=0) up to a,=1 (for A—>00). For the model storing strongly
correlated patterns the maximal capacity can reach the Gardner limiting value
(pIn(1/p)) ' for any value of the parameters A if the threshold term in the Hamiltonian
is chosen in the optimal way.

Although due to the replica symmetry breaking a new structure of the metastable
states may appear in the system at finite A (Dotsenko and Tirozzi 1991) it does not
seem to produce a strong effect on the retrieval properties of the model.
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Appendix: the diagram technique

A.1. Calculation of Tr A(T+AA)~
Consider first the quantity

Gi=(1+A2A); (A1)
where
A=y g
th N " 7

and the random ¢’s are described by the distribution function (10). Expanding the
rHS of (Al) one gets:

G,-=5.-.-*"—Z €"§”+ E Y ENENE 6 - 2 L ETETE T+ (A2)

i wy Jk vy
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In terms of the diagrams (see Hertz et al 1991) it can be represented as

G,=

* G ¥ —— G GP—
i M i f N J v i

RN R N (A3)

where the straight lines carry the space indices, while wavy lines carry the pattern
indices and the additional factor (—A/N). Assuming self-averaging, one has to
make all possible pairings of the £s. The result can be represented as follows:

A f".\‘ ’
G, = - + _‘V‘_ + —6'\/*0—M——
' i
. ———

~~ ~

‘e e— + ... (A4)

-
1

Here the dashed line causes all the indices of the vertices it connects to be equal
and carry additional factor {£°)=p(1—p). In the representation of (A4) one may
omit all the diagrams with cross sections of the dashed lines since they are of higher
order in 1/ N. '

The diagrams can be summed up in terms of a self-energy Z, corresponding to the
Dyson equation:

+ ~
G = = = +  — s e— (A5)
The solution of this equation is:
1
= A6
-2 (A6)
where:
TN apl=p) M
1= band =D 5 (A7)
N I
and the double wavy line is defined by the equation:
. /’—-“\
AR T e b AL (A8)
The solution of this equation is
1
== A9
S 1+Ap(1-p)G (49)
and therefore
aAp(l—-
3= TP (10
LrTapa— iy
Equation (A6) for G reads:
arp(1-p) >_' - |
Y R ASIur ZS B (Al1)
G (1 1+Ap(1-p)G
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Its solution is

l—a——;—+\/(l—- I )2+ 4
Ap(1-—p) * Ap(1--p})  Ap(1—p)

G= Al2
> (A12)
For the factor
A A m "~ -1
X =ZTr A(l+AA) (A13)
one easily gets:
1
x=;(1—6) (A14)
which gives the result:
1 \/ 1 )’ 4
lte+————/{l-a- +
Ap(l1— Ap(1— -~
= p(1-p) p(1—p)/ Ap(1-p) (A15)

A.2. Signal and noise

The signal term in the local fields produced by the pattern number 1 can be represented
as follows:

T It =T (A-AA2+ 224 - )8 (A16)

it iptf

In terms of the diagram introduced above the lowest order term is

§ glelE=¢Eip(1-p). (A17)

/ N ' (A18)

e (A19)

is forbidden because j # i,

Higher order corrections are included by ‘dressing’ the diagram (A17), i.e, by
replacing the bare diagram eiements with the double wavy line or the heavy straight
line, However, in the higher orders there will also contribute diagrams like:

-

‘fv:‘.—x u\n"-——\ﬁ (A20)

and the corresponding diagrams obtained by dressing (A20). Therefore the signal,
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which is the sum of all contributions may be represented as:

1
§= ( “'X)@!%‘%H
where

(A21)
Q = 1 + P\ — (A22)
Since (see (Al13) and (AS)): . 7
AR S— = —x (A23)
and
14 S At =G =1~ ax (A24) -
one obtains the result:
1
S=;x(l-ax)- (A25)
The noise term can be represented as follows:
2
o={( £ 2ti-se) ) (A26)
ini

where the average (...} is over all the patterns but the first one,
In the lowest order one gets

1

3 =D T @EE = ap1-p).  (A2D)
] | ’|( poi#j

1
ol= ! (A28)
where
D=1% L =17 (A29)
7 =1+ exnamm =1 (A30)
and
ICQAI_ |
L= = ) | + | ! (A31)
H ] ]
or

(A32)
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Taking into account (A29), (A30) and (A32) one finally gets the result:

2

2A—P) vy ~tayy = (A33)
o

ol=2 G

The additional factor p(1—1p) comes from the dashed line to the right in the diagram
(A28}
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